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1 Introduction 



Recently, the Lax pair representation of the N = 4 supersymmetric Toda chain hierarchy in 
N = 2 superspace has been constructed in |TJ. The explicit relationship between the N = 4 
supersymmetric Toda chain and KdV p], [3| hierarchies has been established in ||], and due 
to this reason we call both these hierarchies the N = 4 Toda chain (KdV) hierarchy. As a 
byproduct, the relationship, established in ||, induces a new Lax pair representation of the 
N = 4 KdV hierarchy in N = 2 superspace. So together with the former Lax pair in N = 2 
superspace derived in [§], §f, two Lax pair representations of the N = 4 Toda (KdV) hierarchy 
in N = 2 superspace are now known. However, although the first few flows of the hierarchy are 
known both in harmonic and ordinary N = 4 superspace [^, |J, a Lax pair formulation in 
N = 4 superspace is still unknown. Moreover, even a relation (if any) between the two different 
descriptions of the flows in iV = 4 superspace used in || and [|] is not established yet. 

The present paper addresses both above-stated problems. Thus, we propose a Lax pair 
and a Hamiltonian formulation of the N = 4 Toda (KdV) hierarchy in iV = 4 superspace and 
establish a simple relation between the two above-mentioned descriptions of the hierarchy in 
N = 4 superspace. We derive general formulae for its bosonic N = 4 flows in terms of the Lax 
operator in N = 4 superspace and construct an N = 4 superfield basis in which they are local. 
Moreover, we show how to embed this superfield basis into the N = 4 0(4) superconformal 
supercurrent. We also present a proof that all these flows possess both an infinite-dimensional 
group of discrete Darboux transformations |7], |||, [l], |4[] and five complex conjugations in N = 4 
superspace. 

2 Lax pair formulation of the N=4 Toda (KdV) hierar- 
chy in N=4 superspace 

Our starting point is a manifestly N = 2 supersymmetric Lax pair representation of even flows 
of the N = 4 Toda chain (KdV) hierarchy [|IJ 

L = D_+vD- l u, (1) 
£-L=[(L 2 % , L], (2) 

i-v = [(L 2 % v], i-u=(-iy+%(L T f%u}, (3) 

where the subscript > denotes the differential part of the operator and L T is the operator 
conjugated Lax operator^]. The functions v = v(z,9 + ,9~) and u = u(z,9 + ,9~) are N = 2 
superfields, and D± are fermionic covariant derivatives^ 

D± = J± + 6±d, {£>±, D ± } = +23. (4) 

1 Let us recall the operator conjugation rules: D± = — D±, (OP) T = (—l) dodp P T T , where O (P) is an 
arbitrary operator with the Grassmann parity do (dp), and do=0 (do = 1) for bosonic (fermionic) operators 
O. All other rules can be derived using these. Hereafter, we use the notation [Of] for an operator O acting on 
a function /. 

2 Hereafter, we explicitly present only nonzero algebra brackets. Throughout this paper, we shall use the 
notation v' = dv = -§zv. 
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It is instructive to rewrite the Lax operator ([I]) in another superfield basis M 

J = uv + D-D + lnw, J = —uv, (5) 

where J = J(z,9 + ,9~) and J = J(z,9 + ,9~) are unconstrained even N = 2 superfields. It 
becomes 

L = D^-J : V- -. (6) 

We would like to write the flows in N = 4 superspace. We introduce two additional odd 
coordinates rj and the N = 4 odd covariant derivatives 

{V t , F) = 4 m S, {ft , f m } = {P* , B°) = 0, k,m = ±. (7) 

Our c/azm is that if one replaces the N = 2 superfields J and J in this basis by one chiral 
J{z, 9 + , 9~ ,r/ + , rj~) and one antichiral J(z, 9 + , 9~, r] + , rj~) even N = 4 superfield, 

V±J = 0, V^J = 0, (8) 

then the Lax pair representation (0) with the new N = 4 Lax operator L±, 



gives consistent^] N = 4 supersymmetric flows -M-. In order to prove this claim it is enough 
to show that the flow equations (§), being rewritten in the basis @, are consistent with the 
chirality constraints (^j). We present the proof in a few steps in what follows. 

First, let us simplify the Lax operator L\ (|9|) by applying a gauge transformation and 
requiring that the gauge transformed Lax operator 

L 1 = e^US (10) 

possesses the following two properties: it should anticommute with the supersymmetric covari- 
ant derivative V + , 

{v + ,L 1 } = o, (li) 

and it should contain only a first order term in the inverse fermionic derivative -D+ 1 - It turns 
out that these two requirements completely fix both the gauge transformation function 

£= [(V_+W)- 1 (V + + V + )- 1 (J + J)] (12) 

and the form of the Lax operator 

Li = V- + V + [(£>+ + V + )-\j + J)] - 7(1?+ + (13) 



3 We would like to underline that such a prescription of supersymmetrization leads to inconsistent Lax pair 
representations in general except in some cases, one of which is under consideration. 
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Then, the Lax pair representation (0) and flows (^) become 



(14) 



7], (-D^=((^r) , 



(15) 



respectively, where the subscripts > 1 and denote the differential part of the operator without 
the nonderivative term and the nonderivative term, respectively. After substituting ^£ from 
equations (]T5|) into flUP, the Lax equations become 



where we have used the following identity: 



T 



21 



>1 



(16) 



(17) 



After transposition, ([!(]) becomes 



21 



-ZL-2? +[(P+ + P + )" 1 (J r + J r )]-(P 



J, {W,Ll} = 0. 



(19) 



The transposed Lax operator L\ ( p!9|) entering into the Lax pair representation (|T8|) possesses 
the following important properties: 



2Z— 3 



fc=0 



(20) 



l I (JT\2l-\ 



1YW 



2(1-1) 



r 72(/-l)-fc 



J] 



k=0 
21-3 



+ £(-l) fe [(L*fl] (P+ + V + )-\V- + V~) [Ll l - 3 ~ k j] (21) 

fc=0 

which can be derived by rewriting the corresponding formulae of into the superfield basis 



Second, let us discuss some properties of the Lax operator L\ ([19]) which will be useful in 
what follows. It can be represented as a sum of two operators M and M, 



L{ =M + M, 

M = -XL + [ V + d- l J ], M=(V + + V 



\v + d- l j])(v + + v 



(22) 



with the properties 



M 1 XT 0, {V + , M} = {V + , M} = 0, {£>_, M} = 0, {V , M } = 0, 



{£>+, (X>+ + P T )- ] M (V + + D 1 ")} = {V + , (V+ + P") M (V+ + I? T 1 } = 0, (23) 
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M = {V + + V + )-\M T )*(V + + V + ), M = (V + + V + )-\M T )*(V + + V + ), (24) 

where the superscript # denotes the following substitution (its origin will be clarified at the 
end of section 4): 

{V ±1 V ± ,J,J}* = {V ± ,V ± ,-J,-J} (25) 

which respects the chirality constraints (||) and which square is the identity. Then, one can 
easily derive some straightforward consequences 

(Zf) 2 = {M,M} (26) 

and 

[M,(Zff] = 0, [M,(Zff]=0 (27) 

as well as 

{ID* = (V + + V + r 1 L 1 (V + + V + ). (28) 
We will also need the following relation: 

(W)f - (-D'(^) 2, )o (») 

which results from (^) and from the identity 

(D-^OD + ) Q ={-l) d o(0 T )o (30) 

for a pseudo-differential operator O with the Grassmann parity do- It is interesting to remark 
that the square of the Lax operator Lj admits beside ( Effl ) another representation in the form 
of an anticommutator, 

ill) 2 = {V + ,N}, N = V + + [D~d- 1 J} + (V + + V + )- 1 \V_d- 1 J](V + + V + ) 

- (V + + V + )- 1 J(V + + V + )- 1 [V + d- 1 J], (31) 

but the square of the operator N does not equal zero as M does, see equation (EJ). Perhaps 
one can modify the operator iV to satisfy this property, but we did not succeed in that. 

Third, on the basis of the properties of the Lax operator discussed in the previous 
paragraph, we are ready to prove the following three identities: 

[((ClI) 2 )J T J] = [V + V-(ClD 2 ) q }, (32) 
[V^V + ((Ljf) o ] = 0, (33) 
[V + V-(mf) Q ]=0 (34) 
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which are crucial for the proof of our claim. Indeed, if they are satisfied, then it is a simple 
exercise to rewrite identically the flows (|i~5f) in the form 



(35) 



which respects manifestly the chirality constraints @. In order to prove the relations fl32|-|3~4l) 
let us extract the equations resulting from the order in D + of the identity 



{v\ (Zf f } = o 

and from the order —1 in D + of the identities (P7|). They are 



-i 



(36) 



(37) 



■21 



0. 



(38) 



"21 



T 



21 



>1 



T 



J 



(39) 



respectively, where the subscript —1 denotes the coefficient of the inverse derivative of a 

/ — 2l\ 

pseudo differential operator. Now, the quantity {{Lj ) J ^ being substituted from equation (|37| ) 

into equations fl3~8"H3~9]) just leads to the relations fl3~2"H3~3|) . As concerns the remaining relation 
(|34]), it can easily be derived from the relation (|3~3"D if the substitution (|25f) is applied to it and 
then the identity (|29|) is used. Alternatively, it can be obtained starting from the identities 



Li + } = 



2/, 



(40) 



and 



{(£>+ + D+)- 1 M T (D+ + P + ), ((p- 



2/, 



which are related in an obvious way to the identities (|36"D and 
and —1, respectively, one obtains 



W)~ x L x (T? + + TT))~"} = 0, (41) 
Restricting to the orders 



V' 



21 



-1 



[z>+ {{(v + + v + )- 1 u (V + + V 



21 



and 



l \ 2Z 



0. 



(42) 



(43) 



Then we substitute the quantity (((T> + + V + ) 1 L\ {V + + V + N 



from 



into 



and, at last, use the identity (0). This ends the proof of our claim. 



(44) 
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One important remark is in order. The general resolution of the identities (|33|-|34|) and ( |29| ) 
leads to the following general representation for the quantity i{Lf) 

((L T 1 f) Q = [V + V_X t ] + (-1)' [V + V-X* ] + [{VJD- - V + V + ) Yt], Y* = {-l) l + x Y h (45) 

where X\ and Y\ are N = 4 unconstrained nonlocal functionals of the basic superfields. Actually, 
the functionals Xi and Yi are ambiguously defined because both of them are acted upon by the 
projectors TLXL and V + V , which can be expressed via the operator DJD — V + T> + as 

TLTL = (VJD~ - P+D+^ZLXL, V + V~ = -{VJD~ - V + V + )d~ l V + V~ . (46) 

Let us present, as an example, explicit expressions for X\ and Y\ for I = 1 and 1 = 2, 

x x = [cr 1 j), x 2 = -j+ [V-d^JWv+d^Ji 

Y 1 = 0, Y 2 = [V-d^J^d^J] + [V+d^J^d^J]. (47) 



As a next remark, let us show that one can give two different presentations of the flows (|T8 



m. N = A superspace which are reminiscent of the formalisms used in [Q and in [|T7], Fe] in the 
N=2 supersymmetric case. First, multiplying the Lax pair representation ( |T8| ) on both sides 
by the projector V V + d^, it becomes 

(-l) m J;L=[(L 2 ') + , L], (48) 

where L is the chirality preserving Lax operator, 

L = V+V+d- 1 L[ V+V+d- 1 ^V+V+d^i-V^ -V~ + \{V + + V + )- 1 (j + J)])V + V + d- 1 
= -V+V+d- 1 e € (X>_ +V~) V + V+d~ l , P + L = VD + = 0, (49) 

and the subscript + denotes the part of the operator L 2 ' which can be represented in the form 
T> OV + , where O is a differential operator ||. In order to show that the flows (f48D coincide 
with those in (|T8"D, one has to make use of two properties of the operator L\ . First, its even 
powers are pseudo-differential operators containing powers of the derivative D + = V + + T> + 
only. Second, the operator Lj commutes with T> + . This presentation will be useful when we 
will study an alternative Lax pair construction in section 6. 

As a second, distinct presentation of the flows (]T%|), let us introduce the operator 



C = D + + [DZ\J + J)] =e^D + e-t. (50) 
It may be used to rewrite the operator L\ in (|]) as 

Li = £>_ - CD~C-\ (51) 
Then, the square of the Lax operator L\ reads 

L\ = -{£>_, CV-C' 1 } [XL, L 2 X ] = 0. (52) 
We may define an alternative Lax operator by 

L x = Cr x L x L. (53) 
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Its square reads 

Lj = -{V-, C~ x V-£\ Ll) = 0. (54) 

As a consequence of (0), one has the equation 

LfC - CLf = 0. (55) 



Then, in the spirit of references fll7| , [18fl , we consider the flow equations 



^-C=(Ll l ) >0 C-C(Ll l ) >0 , (56) 

which do not have the Lax form. However, it is a matter of simple calculations to show that, 
as a consequence of flSTf), the operator L\ satisfies the Lax equations (TT8|). Let us note that, 
by considering a differential operator C of higher order, one may hope to generalize the N=4 
hierarchy considered in this article. 

The N = 4 Toda (KdV) hierarchy flows (|35| ) in the N = 4 superfield basis {J, J} are 
nonlocal because of the nonlocal dependence of the Lax operator L\ (|19|) on the superfields J 
and J . Nevertheless, it is possible to obtain local flows by introducing a new superfield basis 
{Q, Q} defined by the following invertible transformations: 

J = V + U, J = V + Q, 

H = V + d- l J, VI ee V+d^J, (57) 
where Q and Q are new constrained odd N — A superfields 

V + Vi = WVi = 0, VJVL = V + VL = 0. (58) 
Then, in terms of the superfields {Q, Q} the Lax operator L\ (|19|) becomes local, 

1\ ee -p_ - w + n + n - (x>+ + p + ) _1 (59) 



Using the identities (|33|-|34|) one can easily rewrite the flows fl35|) in this basis as well, 

(-1)^0= [P-((LD 2Z ) ], (-l)'£n= P?-((Zf )*)„], (60) 



where they are obviously local. Actually, beside the basis fl5"7|) there are also three other 
superfield bases with constrained odd N = A superfields {E, E} and {2,5}, which 

provide local flows, although the reason for this is less evident than for the basis Q57|). The 
corresponding formulae are 

o = n ee v + v~d~ 1 ^, = v + m = o, vJy = v + U = o, 

IT = e^(-V_-W + y =r )e~^, ip ee -{V+d-^l 

v V + + P - * 7 

(-1)< +1 J^ = ^((Zff )j, (-l) f ^= ^-((^) 2i )j- (61) 

H = VJV + d^, ee E, £>+E = P~E = 0, £>+E = P~E = 0, 
L\ = e a ( - £>_ - W + 5 — = [P + S] a = [P + 'd^E], 



= W{(L\f l ) Q l (-l)^E = [V + ((L-f) o ). (62) 
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(63) 



where L\ and £ in equations 
basis 



D«| ; E=[l5 + ((L-) a ) ], (-l) i | F S=[P + ((Ln 2 ') 1 

are defined by (0) and (0), respectively, and become in this 

1 



(64) 



Although the Lax operator L\ is nonlocal in terms of the superfields involved for each of these 
three bases, the quantity ( (Lj) J entering into the corresponding equations (|6lH 63D is in fact 

(Li) J , e.g., for the basis flSlf ). 

In this case, 



Li 



21 



T\ 21 



>1 



(65) 



The first term in the right-hand side of equation fl5"5] ) is local because of locality of the Lax 
operator L\ ( |6lf ) with respect to the superfields 5 and S. So, nonlocality could only come from 
the second term, due to nonlocality of £ fl64]). However, this term is actually a polynomial in 
derivatives of £, which are local due to the chirality properties (|63| ) of the superfields S and 
S. Therefore, all potential nonlocalities in fact disappear. The same argument is valid with 
respect to each basis from the set (|61|-p3|). 

As an example, we would like to explicitly present a few first nontrivial manifestly N = 4 
supersymmetric flows resulting from equations fl3"o] ) and (pl"|), 



dt 2 u 



-j " - v + v_ \2{jd- x j) ' - (jrv d^jy 



dt 2 



(66) 



^7 



and 



= J '" + £>+£>_ {3 [j" / d~ 1 J + (Jd~ 1 J)V + V_d~ 1 J- -{V + V d~ x jf 

- (V + V~d~ l jf - ^(p r V~d~ 1 J) 2 V + V-d~ 1 ~J + QJJ T^TTd^j}, 

= J"' + V + W{3 [-J 'd^J + (jd^J^Wd^J + ~ (£>+£>_ <9 _1 jy 

- (V+V-d^J) 3 - 3(V + V_d- l J) 2 V + V~ d~ l J + QJJ V+V^d^j} 



-JLiIr 

<9*3 



dta * 



respectively. 



9 

r)f 2 
9t 2 



V 

Vj7 '" 



3£>_ 



(£>+^) 3 - 3(£>+^) 2 £> #-6(Z> + ¥)(Z> ^)£>+# 



+ 3V + [{V + ^) ' + (X?+^)(X?+^) 2 - -£>+£>_(£> ^) 2 



+ £>_ (D #) 3 -3(£> ^) 2 £> + ^-6(X?+^)(X? *)£> * 



(67) 



(68) 



(69) 
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3 Hamiltonian structure of the N=4 Toda (KdV) hier- 
archy in N=4 superspace 

Now, we would like to discuss the Hamiltonian structure of the N = 4 Toda (KdV) hierarchy 
in N = 4 superspace. Let us present first the general formulae for the conserved quantities 
(Hamiltonians) Hf of the N = 4 flows ( p5|) and (|60H63|) in N = 4 superspace, 



Hf = / dzdd+dr}+dd~drfd~ l {{L\ 



21 



(70) 



Hereafter, we use the following definitions of the N = 2 and N = 4 superspace integrals for an 
arbitrary superfield functional f(6 + , r] + , 9~, rj~): 



dzde + dri + de-dr]'f{6 + ,r] + ,e-,r]-) = I dzd8 + d^ [V _V f 

= J dz{v + V + V_W f 

respectively, as well as the following realization of the inverse derivative: 

1 r+°° 

d z = - dxe{z — x), e(z — x) = —e(x — z) = 1, if z > x 

2 J — OD 



-= v -=0 
0± =7? ±=O' 



(71) 



(72) 



Using these definitions and the identities (|3 
form of an TV = 2 superfield integral 



one can equivalently rewrite Hf ( |70|) in the 



Hf = j ' dzde + dr 1 + ({L r l f l ) ( 



(73) 



Then, using the identity (|37|) as well as the relation (|T0|) , one can easily show that this rep- 
resentation reproduces the N = 2 superspace representation for the Hamiltonians used in ffl. 



2/ 

Remembering that the quantities ((Lf) J are local for all the local flows (|60|-|63D (see the dis- 



cussion after equations (p4|)), we are led to the conclusion that the corresponding Hamiltonians 
(|73|) and their N = 2 superfield densities are local quantities as well, while the Hamiltonian 
densities in iV = 4 superspace entering into (|70[ ) are nonlocal even when the flows corresponding 
to them are local. It is interesting to remark that Hj ([70]) can identically be rewritten in the 
following form: 



Hf 



J dzdr] + d6 + de-dr]-d- 1 ^ 



dzde + d7] + de-d7]~(v_ + v y 1 (v + + v + )- 1 d- 1 §- i (j + (74) 

where the second of equations ( |i~5| ) and equation ( p!2|) have been used. We have verified that 
the following formula[]: 



f dzde+dri+dO-dri-d- 1 ^-^) 21 ) = I V + V~d- 2 ((L{ 



.2(1-1) 



(75) 



is valid for a few first values of I. The variation formula with respect to J can be obtained if 
one applies the substitution (P5]) to equation ( [75] ) and uses the identity (P5|), 



dzdB+d^dQ-d^-d- l j=((L[f 



-I V + V_d- 2 ({Ll 



.2(1-1) 



(76) 



J The derivation of (|75| ) makes essential use of the realization (|7|) of the inverse derivative. 
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It is plausible to suppose that the formulae (|75|-[76D are valid for all values of I as well, but 
we cannot present a proof here. Using these formulae and the Hamiltonians Hj (f70|), one can 
represent the flows (pop in the Hamiltonian form 



1) 



l+l d 



at. 



J 
J 



where J±, 



i Jl 



5/5 J \ 
5/5 J ) 



I- 1 



■J-?. 



5/5J 
5/5J 



(77) 



Ji 





V+VJD + V~ 



-V V v + v_ 





(78) 



is the first Hamiltonian structure in N = 4 superspace. Using the flows (|66H67[), we have also 
found the second Hamiltonian structure J 2 



J\\ J12 
J21 J22 



Jn 
J12 



id j + jd)v + v , j 22 = {dj + jd)v + v_ 



J 21 = V + V^(d - [V-V+d^J] - [V V + d- 1 J])V + V (79) 

which is isomorphic to the iV = 4 SU(2) superconformal algebra (see the end of this section and 
the remark at the end of section 5). In terms of these two Hamiltonian structures the Poisson 
brackets of the superfields J and J are given by the formula 



{ 



( J{Z 
\J{Z 



J{Z 2 ),J{Z 2 ) )} k = J k {Z l )5 N =\Z 1 -Z 2 ) 



JO) 



where 5 N=A (Z) = 5(z)6 + r] + 6~i]~ is the delta function in iV = 4 superspace with the coordinates 
Z = {z,9 + ,r] + ,9~ , r]~}. Let us remark that the second Hamiltonian structure J 2 (|79|) can be 
rewritten in terms of the superfunction £ (|12|) , and it has the following simple form: 



-V V (d£ + £d)V V V V (d + £')V+V- 



(81) 



Knowing the first and second Hamiltonian structures, we may construct the recursion op- 
erator of the hierarchy in N = 4 superspace using the following general rule: 



R — J 2 J\ = 
where the matrix J\ is 



J\2i 
J22, 



-Jn 
-J21 







-2 



etu 



J 
J 



J 
J 



J, 



1+1 



R Ji, 



dr 



J1J1 



J 
J 



JxJi 



J 
J 



J 
J 



a) 



The Hamiltonian structures J\ and J 2 (|78H79|) are obviously compatible, e.g., the deformation 
\P_V + d~ l ~J\ =>■ [D_V + d~ 1 ~J] + a, where a is an arbitrary parameter, transforms J 2 into the 
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algebraic sum J 2 — aJ\. Thus, one concludes that the recursion operator R fl32"| ) is hereditary, 
being obtained from a compatible pair of Hamiltonian structures || . 

Applying formulae ( |82] ) we obtain the following recurrence relations for the flows (^) in 
N = 4 superspace: 



—j = v + v- ((+,9 + e ')v + v_d- 2 ^j + (ae + cr 2 ,| j 



J = V+V- [{-d + i')V T X> d- l £j + {d£ + £d)V + V_d- z -£-J . (84) 



9i i+1 ^ ~+^-^V 1 s y*- *- i v-s ' + 8t; 

These relations can be rewritten in terms of the single dimensionless superfunction £ ([12]) in 
the following form: 



d 



r £ = ((n - u)d - (n + TT)e ' - 2nens - 2nf na) (85) 



9*1 

where the operators II and II are N = 4 chiral projectors 



n = -xlxlt? + x> <r 2 , n = -v + v v,v_d~ 2 , 



n 2 = n, n 2 = n, nn = nn = o, (n + n)£ = £. (86) 

The superfunction £ can actually be treated as an independent constrained real linear N = 4 
superfield [|T2| 

V+V~£ = 0, VJD+i = (87) 



which we could have taken as our starting point, while the relation (|T2|) in this case is the 
general solution of the quadratic constraints ( |8~TD expressed in terms of the pair of chiral- 
antichiral superfields J and J @. Conversely, one can express J and J in terms of £ 

J = X> + XL£, J = V + V~i. (88) 

Let us also remark that the last relation in equations ( j36|) is a direct consequence of the 
constraints ( |57D too. Therefore, we come to the conclusion that all the flows of the N=4 Toda 
(KdV) hierarchy are actually the flows for a single real linear N = 4 superfield £ (87). Moreover, 
these flows are local because the Lax operator L\ (|19| ) entering into the flow equations ( |15|) for 
the superfield £, being expressed in terms of £ via (^) 

L\ ee -XL - X>~ + [(XL + - (XL + p + f ' [D + V~£l (89) 



is local in £. As an illustrative example, let us present explicitly the second flow 
g 

9t 2 



££ = (X> + XL - XLX> )£ ' - (£ 2 + 2(P+P_0(X> + P (90) 



resulting from the recurrence relation ( |55] ) and the first flow = £ '. In the derivation of the 
flows (|90"D, one has to use the identity 

V + V + i = VJD~t, (91) 

following from the constraints fl87"|) . For completeness, we also present the first 

ft (zo,^)}* = jftzoa^Za - z 2 ), 
4 = jj = (n-n), jfJfe = = * (92) 



n 



and second 



j| = (n + n)<9+(n + n)£'(n-n)-2n£n<9 + 2ii£iL9 

= d" 1 ((n - U)d 2 + d£' - {V + £')V + - (V + £')V + - (V-£')V~ - (V~£')V- 



- 2(v + v^)v + v -2{v + v ^)p+p_)(n-n) (93) 

Hamiltonian structures as well as the recursion operator 

Rt = j| jf = (TT - U)d - (n + n)f '(n + TT) - 2n£nd - 2lT£II<9 (94) 



of the N = 4 Toda (KdV) hierarchy described in terms of the superfield £ 

To close this section we would like to note that four closed subalgebras, isomorphic to the 
N = 4 SU(2) superconformal algebra (SCA), can be extracted from the N = 4 superfield form 
of the N = 4 0(4) (large) SCA, (see also references therein)^ 

{a, a} = (cid + c 2 (II + TT)«9 + o' - (V + a)V + - (V + a)V + - (V_a)V~ - (V~a)V_)5 N= \ (95) 

where a = &(Z) is the N = 4 0(4) unconstrained supercurrent with 16 independent field 
components. c\ and c 2 are two independent central charges. These subalgebras are defined 
using the operators 

vr ± = (£>+£>_ ± V^V~)d~ 1 , V + V~n ± = VJD + it ± = n ± V + W = n ± V_V + = 0, 
7r^ = (Tl) n (n + II), n 2 ± n+1 = (Tl) n 7r±, 7r + 7r_ = (n-n) {7T + ,7r_} = 0, (96) 

where the operators {7r + , 7r_, 7t^, 7r + 7r_} form a linearly independent set of degenerate operators 
satisfying the constraint fl57p. Then we may define four supercurrents expressed in terms of a 
by 

£± = ir±a, i=TT 2 + a, £ = n+n^a. (97) 



Each of them satisfies the constraints (p7|) and, as a consequence, possesses only 8 independent 
superfield components. The degenerate mapping £ to o ( p7|) gives the precise relationship 
between the Poisson structures (|93|) and (95). The central charge of the N = 4 SU(2) SC 
subalgebra of the iV = 4 0(4) SCA is c = ci + c 2 . The superfield relationship (|97| ) between 
the N = 4 superconformal SU{2) and 0(4) algebras could give a bridge towards the resolution 
of the longstanding problem of constructing an iV = 4 0(4) KdV hierarchy (if any), but this 
problem is out of the scope of the present paper and will be considered elsewere. 



4 Real forms and discrete symmetries of the N=4 Toda 
(KdV) hierarchy in N=4 superspace 

It is well known that different real forms derived from the same complex integrable hierarchy 
are nonequivalent in general. Keeping this in mind it seems important to find as many different 
real forms of the iV = 4 Toda (KdV) hierarchy as possible. This task was already analysed in 
H U at the level of the second and third flows of the hierarchy in the real N = 2 superspace, 

5 Some N = 4 SU(2) SC subalgebras of the N — 4 0(4) SCA were discussed in @ Q at the component 
level. 
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and three nonequivalent complex conjugations were constructed for these flows. Nonequivalent 
here means that it is not possible to relate any two of them via obvious symmetries. Now, 
based on the results of the previous sections we are able to extend these complex conjugations 
to N = 4 superspace and prove that all the flows -j^- of the hierarchy in N = 4 superspace are 
invariant under any of these complex conjugations. 

We will use the standard convention regarding complex conjugation of products involving 
odd operators and functions (see, e.g., the books [[1^, [L3|]). In particular, if O is some even 
differential operator acting on a superfield F, we define the complex conjugate of O by (OF)* = 
Q*F*. 

Let us prove the statement 



the flows ( \3b\ ) are invariant under the following three complex conjugations: 

(J, jy = -(J, J), MW)* = (-z,e ± ,- v ± ) } t; = (98) 

(J, J)' = ( J-V_V + \nJ, J), (z,6 ± ,r ] ± y = (-z,6 ± ,-r ] ± ), *? = -*,, (99) 

(J > JY = (J, J), (z, e ± , ^y = (-z, e ± , r / ± ), t; = -u. (ioo) 



{(%) 



With this aim let us describe the properties of the Lax operator L[ ([19| ) and of the quantity 
; entering into the flow equations (^) under these involutions. They are 



= -= i x mf)' = uzd\ + 4 [ (mf)S j ], (102) 



J v v w /o v v w /o J 1 w x L/ )>\ 



my = (v + + v + )-^ Ll {v + + v + ), mfY = (mf) n , (103) 



where the identities (|T7|) and (|^) have been used when deriving equations (|102|) and (|103|) , 
respectively. Now, using these relations as well as the identity ( p2[ ) it is a simple exercise to 
verify that the flows (|35|) are indeed invariant under the complex conjugations fl98Hl00| ). 



The complex conjugations ( |9~8"| - |100| ) extract different real forms of the algebra (0). It may 



be verified that the real forms of the algebra ([FD with the involutions (p8H99|) correspond to a 
twisted real N = 4 supersymmetry, while the real form corresponding to the involution ( |100| ) 
reproduces the algebra of the real N = 4 supersymmetry. 
We would like to close this section with a few remarks. 

First, a combination of the two complex conjugations ( |100| ) and (|99| ) being applied twice 
generates a manifestly N = A supersymmetric form of the N = 4 Toda chain equations^ 

J*'*' = J - £>_£>+ In J, J*'*' = J- WV + In J*** 9 ( 1 04) 

which is the one-dimensional reduction of the two-dimensional iV = (2|2) superconformal Toda 
lattice [|15|, They form an infinite-dimensional group of discrete Darboux symmetries of 



6 This way of deriving discrete symmetries was proposed in fl4|| and applied to the construction of discrete 
symmetry transformations of the N = 2 supersymmetric GNLS hierarchies. 
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the N = 4 supersymmetric Toda chain (KdV) hierarchy 0, [I], || . In other words, if the set 
{J, J} is a solution of the N = A Toda (KdV) hierarchy, then the set {J***',J* M }, related 
to the former by equations ( |104| ), is a solution of the hierarchy as well. Let us also present 
equations ( |104j ) written in the N = 4 superfield basis {Q, Q} (|57D , where the N = 4 flows are 
local 



n + v_ iti[p a] , or* 9 = n + v in[x>+n* 



(105) 



Second, a combination of the two complex conjugations fl98|) and ( |99f) generates an order 
two discrete symmetry of the odd flows '' 



du 



(j, jy* 



J + V_V + In J, J ) , (J, J)'*'* = (J, J). 



(106) 



Third, a combination of the two complex conjugations (|100|) and (j98f) generates the substi- 
tution di), # = **. 

Fourth, a direct verification shows that the second and third flows (|66H67f) as well as the 
recursion relations (p4]) are invariant under two additional complex conjugations 



(j, jy = -(j, j), 



9 ± , v ± y 



-z, ir/ ± , 



t 



(107) 



(j, jy = (j, j), 

It means that all the flows 
as well. 



9 ± ,r ] ± y 



-r] 



■lYt,, 



(108) 



of the hierarchy are invariant under these complex conjugations 



5 N=4 Toda (KdV) hierarchy in N=2 superspace 

Let us present the relationship of the formulation of the N = 4 Toda (KdV) hierarchy in the 
N = 4 superspace developed in previous sections with its description in the three different 
N = 2 superfield bases (a), (b) and (c) from (see equations (4.5) and (4.3a,b,c) therein) 
at the level of the second flow equations (|66|) . As a byproduct, a correspondence with the 
formalism of references || |||] will be established. 

The basis (a) {V,F,F}. 



(a) 



where V = V(z, 6 + , r]^ 
and antichiral, 



V 



F = J(z,9 + ,9 

F = j{z,e + ,e 



D_D-\J + J)\ (z, 0+ 6- = 0, V + , rf 

0,77+ ry- = 0), 
0,r] + ,r]' = 0), 



0), 



(109) 



F = F(z,6 + and F = F(z,6 + ,r] + ) are new unconstrained, chiral 



Z>+ F = 0, X> F = 0, 



110) 



even N = 2 superfields, respectively, and D± is defined in equation @. Using the chirality 
constraints (g) and the definition of the superfield V ( |109| ) one can express the derivatives D-JT" 
and D J in terms of P + U and P + V A 



V J = -2V+V, V_J = -2V+V. 



'Ill) 
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Using these inputs, one can transform 
the following local form: 



to the superfield basis { V, F, F} where they take 



i-V = ([V + ,V + ]V + 2V 2 - FT) 



JLF = -F" + 4D + 'D + (FV), 
^F = +F" + AV + V + {FV). 



;ii2) 



The basis (c) {J, $,$}. 



(c) h& + $) - i J = J(z, 9 + ,0-,r)+ = 0, rf = 0), 
~($ + 1) + iJ = J{z, 9 + , 9-,r] + = 0, rf = 0), 



113) 



r?±=0' 



DDd (J + J") 



T7±=0' 



DDd~ l (J + J) 



r?±=0' 



(114) 



where J = J(z,9 + ,9 ),$ = $(z, # + ,# ) and $ = $(z, ) are new unconstrained, chiral 
and antichiral, 



L>$ = 0, D$ = 0, 
even N = 2 superfields, respectively, and D, D are N = 2 odd covariant derivatives, 



1 



1 



£> = -(£>+ + iD_), D = -(D + -iD_) } {D,D} = d, D = D 



0. 



lis) 



;ii6) 



Using the explicit realization of the odd derivatives D± (f|) and T>±, V (0) as well as the 
chirali 
D±J 



chirality constraints (§), one can express the derivatives V±J and V ± J in terms of D±J and 



V ± J = D±J, V + V J = D + D_J, V±J = D±J, V + V_J = D + D_J. (117) 



Using these inputs, one can transform equations (pq) to the superfield basis {</,$,$} where 
they take the following local form: 



1 = - 2 ( $ + " " " ^)) ' + ^' + *))> 

= 2DD(J 1 - J 2 - h 2 + 

= 2DD(J ' + J 2 + ^ 2 - 



1181 



It is also instructive to present explicitly the Lax operator L (^) expressed in terms of the 
N = 2 superfields {J, $, $}, 



L = i(D — D) — -($ + $ + 2zJ) = * =- 



119) 
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The basis (b). 



The N = 2 superfield basis (b) and the corresponding second flow equations can be obtained 



from equations (|113| - |114 ) and (|118|) of the basis (c) by the following substitution: 

(b) {J,$,$} => {J,i$,-i$}, t 2 =>it 2 . (120) 



Therefore, we are led to the conclusion that the second flow equations (|66| ) unify the three 
particular " SU(2) frames" of the N = 4 KdV hierarchy in N = 2 superspace (compare equations 
(|11 2Q and (|118|) with equations (4.5) and (4.3a,b,c) from ||). The same property is certainly 
valid for any other flow of the N = 4 Toda (KdV) hierarchy in the N = 4 superspace. 

It is interesting to remark that if one introduces an auxiliary N = 4 superfield V 12 as 

V 12 = V 21 = --D-D^CJ + J) (121) 
as well as the following notations: 

V 11 = -i J, V 22 =ij, V x = V+, V 2 = V~, V 1 = V + , V 2 = (122) 
then the constraints (p]) and ( |121| ) can equivalently be rewritten in the covariant form: 

v {i V ok) = Q) p«yifc) = Q) ^ k = 1; 2j (123) 

where the indices i, j, k are raised and lowered by the antisymmetric tensors e ,J and e^, respec- 
tively, {e^ejk = 5 l ki ei2 = — e 12 = 1) and (ijk) means symmetrization. The SU(2) spin 1 iV = 4 
supercurrent V 1 ^ = V^ 1 was initially introduced in |fj, ^[ for the description of the N = 4 KdV 
equation. Thus, formulae ( |L21| - |122|) establish the precise correspondence!] with p|, |J. Using 
this correspondence, one can calculate, e.g. the matrices a y from H], 



1 \ (I 

1 J ' a ~ [ -1 



(124) 

which correspond to ( |1 12j ) and ( |11^) , respectively, as well as establish the one-to-one corre- 
spondence of the second Hamiltonian structure J 2 (79) with the N = 4 superspace form of the 
iV = 4 SU(2) superconformal algebra used in Hj. 



6 Alternative Lax pair construction in N=4 superspace 

The results of the previous sections can be used as inputs for an alternative, heuristic construc- 
tion of a Lax pair representation of the N = 4 Toda (KdV) hierarchy in N = 4 superspace. 
Indeed, let us remember that there exist another Lax pair formulation of the N = 4 KdV 
hierarchy in the N = 2 superfield basis (a) {V(z, 9 + , F(z, 9 + , F(z, 9 + , r/ + )} with the 
second flow equations ( |112j ) [|5], |5|. The corresponding Lax operator L is 

C = V + V + d- x (d-2V - Fd- 1 ^) V + V + d' x . (125) 

7 It is also necessary to replace the coordinate z by iz. 
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We introduce a new superfield basis {V(z, 9 + , V(z, 9 + , r] + )} inspired by the formulae (|11 3| — 



114j ) of the basis (c) 



V = l -(F + F) - iV , V = l -{F + F)+iV, (126) 



V=Uv-V), F = V + V + d-\V + V), F = V + V+d- l (V + V), (127) 



C = V + V + d- 1 (d - i(V -V)- [V + V + d-\V + V)]d~ 1 \T> i ''D + d~ 1 (y + V)]) V + V + d-\{l2 



Finally, in analogy with our derivation of the Lax operator L\ in (|9|), we replace the N = 2 super- 
fields V and V in (|125|) by one chiral V(z, 9 + , 6~, rj~) and one antichiral V(z, 9 + , 6~ , r]~) 
even N = 4 superfield, 

D ± V = 0, D ± V = 0. (129) 
One can check that the resulting Lax pair representation 

(-i) ,+1 ^/: 1 = [(A')+,A] (iso) 

with the new N = A Lax operator C\, 
C l = V + V + d- 1 (d-i{V-V) - [V + V + d- 1 (V + V)]dr x $?~V+dr x (y + V)]) V + V + d-\ (131) 

gives consistent N = 4 supersymmetric flows -j^- as well. Here, we have introduced a new 
superspace basis {V±,V } {B±,D } defined by 



P+ = -^(D +D + ), p =-L(B -B + ), 
£>_ = -^(D_ - D + ), P + = — =(B_ + 



V2 V ; ' v/2 

{D fc , D m } = 5 fc m <9, {D fe , D m } = {!" , D™} = 0, k, m = ±. (132) 

As an example, let us present explicitly the second flow equations 

i-JLV = (+iO_B+V+ ^(D_D + ^ 1 V) 2 - ^V 2 ) ' - DJ^VB^^V), 

1 3 

iJLV = (-il"l + V - -(D - 1 + 9 _1 V) 2 + -V 2 ) ' + 1"D + (V B_D+d _1 V) (133) 

resulting from equations ( |130| - |131| ) . 

Let us analyze these equations in the same way as it has been done in the previous section. 
We introduce the N = 2 superfield basis {V(z, 9 + , rj~), (p(z, 9 + , r]~), (j>(z, 9 + , rj~)} 

V = ^((D_ + B~)(B + + B + )-\V -V)){z,9 + ,9- = -6 + , V + , rf = 
<f> = V(z, 9 + , 9- = -9 + , 77+ rf = r] + ), D + cf) = 0, 

4> = V(z,9 + ,9- = -9 + ,r] + ,7]- = 77+), D + = O (134) 
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which is similar to the basis (a) ( |109| ). Then one observes that the corresponding second 



flow equations reproduce the second flow equations (|118|) of the basis (c) with the following 
corresp ondence : 

{J,$,$,AA4}^{V,0,0,©+,© + ,-4}. (135) 



Therefore, we conclude that the N = 4 superfield equations flog ) and ( |133| ) are the second flow 
equations of the same N = 4 supersymmetric Toda (KdV) hierarchy written in two different 
iV = 4 superfield bases, {J ', J, T>±, T>±} and {V, V, B> ± , D ± }, respectively The explicit relation 
between these two bases is the following: 

2iV = J - J + (Z>_ + V~)(V + + V + )-\j + J), 
2iV = J- J- (V_ +W)(V + + V + )-\j + J), 

D + = -L(P + -£T), ©- = -L(I? + + p-), 

D_ = -^(P + +V-), B + = ^ r (D + -V_). (136) 
V 2 v 2 



Actually, the Lax pair representation (|130|-4T3T|) is a direct consequence of the Lax pair 



representation (^8 H49|) . In order to show this, one can first express the Lax operator Ci (|131|) 
in terms of the superfields J and J using equations ( |136[ ), then verify that it is the square of 
the Lax operator L (^9|), 

c t = v + v + d- 1 [d-[(p_ + W){v + + v + )- 1 (j + j)]-jd- 1 j)v + v + d- 1 

= ( V+V+d- 1 ( - £>_ - V~ + [(Z> + + P + ) _1 (J = + J)]) ^D+d- 1 ) 2 = L 2 . (137) 
If one introduces the notation 

V 12 = V 21 = -(D_ + 0~)(D + + D + )~ 1 (V- V), (138) 

V U = V, V 22 = V, Di = D+, D 2 = ©~, l 1 ^© 4 ", D 2 = D_, (139) 
then the chirality constraints ( |129| ) and relations ( |138| ) can equivalently be rewritten as 

p(i V ifc) = 0) l ( V J ' fc) = 0, k = 1, 2 (140) 
which is similar to the formulae (|12lHr23|). In terms of the objects {V ij , V\ T?} and {V ij , D*, IF} 



the transformation (|136|) is the SU(2) rotation 



■,7',',/ ~. 1 / • 1 — 1 



(SV)\ D = (SX>)\ V lJ = 5 = I +1 +1 1 , (141) 



where the matrix S G SU(2) and 5* T is the transposed matrix 
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7 Conclusion 



In this paper, we have developed a consistent Lax pair formulation of the N = 4 supersymmetric 
Toda chain (KdV) hierarchy in N = 4 superspace. The explicit general formulae ( |3"5] ) for its 
bosonic flows in terms of the Lax operator in N = 4 superspace have been derived. Then, a 
change of basis in N = 4 superspace has allowed us to eliminate all nonlocalities in the flows (B0- 
|63|). We have also explicitly presented the general formula for the corresponding Hamiltonians 
d70|) , the first two Hamiltonian structures (f78 H79|) as well as the recursion operator (j8^-|84]) 
in N = 4 superspace. Then, we have simplified these formulae by rewriting them in terms 
of the single real linear N = 4 superfield £ (|92"H 94l) whose flows are local. Furthermore, we 
have established its relationship (|9T| ) to the N = 4 0(4) superconformal supercurrent which 
hopefully could shed light on the longstanding problem of constructing the JV = 4 0(4) KdV 
hierarchy. Then, we have shown that all these flows possess five complex conjugations (|98|- |100| ) 
and (|107| - |T08| ) as well as an infinite-dimensional group of discrete Darboux symmetries (|104|) . 
Finally, the explicit formulae ( [121 - j!22|) and ( |13§| - |139D relating the two different descriptions 
of the flows in N = 4 superspace used in || and J| have established. It is obvious that there 
remain a lot of work to do in order to improve our understanding of the hierarchy in N = 4 
superspace, but the construction of the N = 4 Lax pair formulation presented in this paper is 
a crucial, necessary step towards a complete description. 
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